
p = absolute viscosity, p*Ip%, 
1 ~ 1  = T*,C*2/C*, 

7r2 
~3 = (C*JC*I) (h*IC*pL) 
p =density, p*lp*, 
T* 

I,!J = stream function 

= c *,c *& *22 

= local shear stress at the wall 

Subscripts 

d = liquid drop 
g = gas properties 
i 
L = liquid properties 
rn 
0 = stagnation point 
w = condition at wall 
02 = free stream conditions 

= interface at liquidlgas boundary layers 

= maximum value for impingement on surface 

Superscripts 
I = derivative with respect to the independent variable 
0 = degrees 
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The Calculation of Critical Points 
Gibbs classical theory of critical points leads to two simultaneous, nonlinear 

equations in the intensive variables of the critical phase. In this paper is presented 
a new procedure for evaluating the functions which appear in these nonlinear 
equations. The new procedure simplifies and permits the speeding up of the 
computation of critical points in multicomponent mixtures. 

Computations have been performed for critical points in binary and multicom- 
ponent mixtures described by the SRK equation. The methods developed will be 
equally applicable to other two-constant equations of state. The equations to be 
solved are organized as two equations in the unknown critical temperature and 
specific volume for a mixture of known composition. One of the two equations, the 
determinant which establishes the stability limit for the mixture, is shown to be 
satisfied by more than one volume at a given temperature and by several tempera- 
tures at a given volume. A technique is proposed to assure that the correct 
temperature, volume solution can be found for this equation. For critical points in 
ordinary gas-liquid systems, an overall computational procedure is suggested in 
which it proves to be unnecessary to provide initial guesses for either the tempera- 
ture or the volume. 

Application has also been made to several systems with high density (liquid- 
liquid) critical points. 

ROBERT A. HEIDEMANN 
and 

AHMED M. KHALIL 
Deportment of Chemical Engineering 

The University of Calgory 
Calgary, Alberta TZN IN4 Canada 

SCOPE 
This PaPer deals with the calculation of critical points in widely used to correlate phase equilibrium in mixtures, par- _ _  

multicomponent mixtures in which all fluid phases are de- 
scribed by an equation of state. Various equations of state are 

titularly mixtures of hydrocarbons. Among these are two con- 
stant equations proposed by Wilson (1969), Soave (1972) and - -  

oW1-1541-8~2377-0764$01.25. 0 The American Institute of Chemical Engineers, 
1980. Peng and Robinson (1976). Phase equilibrium computation 
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procedures are generally poorly behaved in the vicinity of the 
critical point, and convergence is achieved in this region, if at 
all, at considerable cost in computational effort. One motiva- 
tion of the present work is to permit completion of the 
pressure-temperature diagram for mixtures by locating the 
critical point through direct computation. 

Equations of state are also capable of showing almost all the 
experimentally observed high density equilibrium phenom- 
ena. These include liquid-liquid separations and so-called gas- 
gas separations of various kinds. Scott and van Konynenburg 
(1970,1972) have made an extensive study of the van der Waals 
equation and have succeeded in showing that the critical be- 
havior of binary mixtures presents a convenient way to classify 
high density phase separations. Such high density phase sep- 
arations are important in various applications, including the 
use of carbon dioxide as a flooding agent in petroleum reservoir 
operations. A second goal in this study was to develop computa- 
tional techniques capable of locating liquid-liquid or gas-gas 
critical points in mixtures described by equations of state. 

The theoretical basis for calculating critical points from vari- 
ous kinds of thermodynamic models was laid down by Gibbs 
(1876). Such calculations were performed for binary systems 
using equations of state even by van der Waals, but the exten- 
sion to ternary systems was first made by Spear et a1 (1971), and 
applications to larger systems are so far represented only by 
the work of Peng and Robinson (1977) and Baker and Luks 
(1978). The critical conditions reduce to finding the zeroes of 
two nonlinear functions of the intensive variables in the critical 
phase, but these functions are of such complexity as to discour- 
age application to large systems (Spencer et al., 1973). In the 
standard approach, as employed by Peng and Robinson, it is 
necessary to find (N2-2Nf3) determinants of order (N - 1) at 
each test point merely to evaluate the functions. In this paper 
we have taken a new look at the mathematics of the critical 
point and have found an alternative way to evaluate the two 
functions which reduces the amount of computation markedly, 
making possible applications to very large systems. 

CONCLUSIONS AND SIGNIFICANCE 

The paper presents a new statement of the critical point 
criteria for multicomponent mixtures described by equations 
of state; that is, the quadratic and cubic form in the expansion 
of the Helmholz free energy as a function of the mole numbers 
are both zero, for some variation AE, at a critical point. The 
second of these functions, the cubic form, is evaluated with 
much less computational effort than the determinant usually 
employed in its place. 

A computational algorithm has been developed, based on the 
new critical point criteria, that converged to the critical tem- 
perature and volume (whenever the system in question had a 
vapor-liquid critical point) for all systems studied, with a single 
strategy for making the initial guess. 

It is demonstrated also that liquid-liquid phase separations 
can be anticipated in a given system by examining the stability 
limit. In systems without any liquid-liquid separations, as the 
density increases, the pressure along the stability limit tends 
toward negative infinity. However, in some systems, pressure 
along the stability limit remains positive at high density, indi- 
cating a region of positive temperature and pressure in which 
the high density fluid is unstable. Any critical point, whether 
characterized as a liquid-liquid or vapor-liquid critical point, 
can be found by searching along the stability limit. Systems are 
described in which three critical points and no critical points 
are found on the stability limit. 

The basis for any theory of critical points was established by 
Gibbs (1876) who showed that a critical phase must obey two 
restrictions and presented several different forms for expressing 
these conditions, depending upon which of the thermodynamic 
variables were considered to be independent. The form of the 
critical conditions most frequently cited results from consider- 
ing the pressure and temperature and mole fractions as inde- 
pendent variables. These are the conditions employed by Peng 
and Robinson (1976) in their study of critical points in large 
systems. Reid and Beegle (1977) have used Legendre transforms 
to explore the variety of forms the critical conditions can 
take.[The papers by Peng and Robinson (1977) and Reid and 
Beegle (1977) both contain extensive accounts of previous criti- 
cal point computations.] 

The variables most convenient to consider as independent 
when we deal with pressure explicit equations of state are the 
temperature, the volume and the mole numbers or mole frac- 
tions. .With these independent variables, the critical point con- 
ditions are expressed as properties ofthe Helmholtz free energy 
function. Baker and Luks (1978) use this sort of formulation. 

In this paper we propose a new way of expressing the critical 
point criteria. The starting point taken in the development of 
these criteria is, of course, to be found in Gibbs (1876). 

STABILITY 
Critical criteria are found by examining the stability of 

homogeneous phases. A given phase held at conditions (To, V,, 
n,,, nzo, . . . , nNo) will be stable if for every isothermal variation 
in the state, the new state being (To, V, nl,  nz, . . . , n,d 

N 

[A - A. + Po (V - Vo) - h0(% - n l J ]  > 0 (1) 
z=1 To 

In (I), the pressure Po and the chemical potentials p,,, are all 
evaluated at the test point (the initial state), and A - A. is the 
difference in Helmholtz free energy between the varied and the 
initial state. 

A second condition must be satified for nonisothermal vari- 
ations; that is 

This second condition is satisfied so long as the heat capacity at 
constant volume is positive and is not of primary concern in the 
development which follows. 

Equations (1) and (2) are equivalent to Equations (153) and 
(154) in Gibbs (1876). If these two inequalities are not satisfied 
for any change in phase in a region around the test point, there is 
a lower internal energy accessible to the mixture by separating 
into two or more phases. 

[A - A0 + So (T - To)] Vo,n,o > 0 (2) 
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A variation of the kind 
AV = kV, 
Ani = kn. 10, i = 1, . . . , N (3) 

does not qualify as a change in phase; the mole fractions and 
density, hence the pressure and chemical potentials, will be  
constant under such a variation. To eliminate this possiblity, we 
set 

AV = 0 

thus reducing (1) to 
r N 

(4) 

(5) 

The Helmholtz free energy can be expanded in a Taylor series 
around the test point, giving 

1 
2! 

_ _  - 2 2 (a2A/anjani) AniAnj 

1 + - 2 2 2 (a3A/ankanjt?ni)AniAnjAnk + 0 (An4) (6) 3 ! , j i  

Stability of the test point requires that this quantity should be 
positive for all arbitrary An. 

The Limit of Stability 

Stability is assured if the quadratic form in Equation (6) is 
positive-definite. At test points (To, Vo, n,,, . . , nNO) on the 
limit of stability, the quadratic form is positive-semidefinite. At 
such points, stability is determined by the properties of the 
cubic form and the higher-order terms. 

A necessary condition for a point to lie on the limit of stability 
is that the matrix Q with elements 

(7) 

should have a zero determinant: 

Q = D e t ( Q )  = 0 (8) 

O r  equivalently, there should be a vector 
- 
An = (Anl, An2, . , ., AnN)T 

which satisfies the equations 

Q . h n = O  (9) 
Such a point may be unstable, since the determinants of all the 
principal minors of Q must be non-negative if Q (hence the 
quadratic form) is to be positive-semidefinite. However, at 
every point on the limit of stability, Equations (8) and (9) must 
hold. 

The v e c t o r z  which satisfies Equation (9) is unique within a 
scalar multiple (except, possibly, at isolated points where the 
rank of Q is less than N - 1). This is a familiar result of linear 
algebra. 

CRITICAL POINTS 

The definition which we employ for a critical point is that 
proposed by Reid and Beegle (1977). We say that acritical point 
is a stable point which lies on the stability limit. This definition 
requires that the quadratic form_in (6) should be positive- 
semidefinite, hence thaQ vector An satisfying (9) can be found, 
and also that when this An is inserted in (6), the first nonvanish- 
ing term in the Taylor series must be of even order. In particu- 
lar, the cubic form must vanish 

for X satisfying (9). 
Equations (8), (9) and (10) lead directly to a procedure for 

calculating critical points. While this procedure may appear 
unlike the usual procedure of setting two determinants equal to 
zero, the results are equivalent. The two conditions for a critical 
point, in this case, are Equations (8) and (lo), with the Ant in 
Equation (10) to be found from Equation (9). 

Beegle e t  al. (1974a, 1974b) and Reid and Beegle (1977), using 
Legendre transforms, have shown that the criteria for the stabil- 
ity limit and the critical point can be expressed in many equiva- 
lent forms, depending on the choice and ordering of the inde- 
pendent variables. Our Equations (8), (9) and (10) correspond to 
one specific choice of independent variables. 

The step of taking AV = 0 [Equation (4)] has the effect of 
producing symmetrical quadratic and cubic forms. Perfectly 
equivalent results are obtained by setting Ank = 0, where k is 
the index of any one of the mixture components. If this is done, 
however, the quadratic and cubic forms will involve derivatives 
of pressure, and the symmetry will be lost. 

APPLICATION TO EQUATIONS OF STATE 

In this study, calculations have been limited to the Soave 
modification of the Redlich-Kwong equation (Soave, 1972). The 
methods are  expected to b e  equally applicable to  other 
pressure-explicit equations of state. The fugacities are found as 

- IOC 

0 

I- z a 
1 
I 
K 
W 
I- 
W n 

- 20c 

- 3oc 

Figure 1. Determinant Q as a function of temperature at v = 4b. showing 
two points Q = 0. 
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Figure 2. Temperature-volume boundaries of the unstable region. 

functions of temperature, volume and mole numbers using 
standard thermodynamic identities. Then the elements in the 
quadratic and cubic forms of the critical criteria are found from 

(a2A/anjanj) = RT (alnJ/dnj) (11) 

(d3A/an~dnjdnj) = RT (d21nf;ldnkdnj). (12) 

and 

One consideration which helps to reduce computational effort 
is that the same result is obtained in Equations (11) and (12), 
whatever is the order of differentiation. Then 

(alnJlanj) = (dlnfj / an j )  (13) 

and 

(a21nJ lankan,) = (d21nf,/ankanj) = (a21nf,/anjjanj) (14) 

These derivatives, for the SRK equation, are given in the Ap- 
pendix. 

Evaluating the Stability Limit 

To find a point on the stability limit for a mixture of given 
composition requires finding a temperature, volume pair which 
makes the determinant Q equal to zero. This proved to be a 
more complex problem than might at first be anticipated. We 
soon discovered that, for most systems, there was more than one 
volume that satisfied Q = 0 for given temperature and that, for 
some systems, Q = 0 at more than one temperature for a given 
volume. 

Figure 1 demonstrates the second of these points. The figure 
is for a mixture with 10 mole % carbon dioxide in water. The 
volume is taken to be 4b. Curve (a) is the determinant of the 2 x 
2 matrix with elements 

q,, = nT (alnf;ldn,) (15) 

Zeroes of this determinant are also zeroes of the quadratic form 
in Equation (7), but there is the advantage in (15) that these q,, 
are dimensionless. The two zeroes, one near 630K and one near 
80"K, are evident in Figure 1 .  

Figure 2 shows two (T,  u) curves which satisfy Q = 0; at each 
volume there are two temperatures. It will be noticed also that 
along each of the two curves there are points corresponding to 
the same temperature but with different values for the volume. 

In Figure 2 it is certain that, at every volume, when the 
temperature is raised high enough the phase becomes stable. 
The low temperature curve is not of any interest in this mixture, 
since the temperatures are everywhere below 120°K. 

It was felt necessary to develop a technique that would con- 
verge in every case to the highest temperature at which the 
stability limit was reached for a given volume. Curve (a) in 
Figure 1 shows a decreasing slope as temperature increases, 
caused by the dominance of terms in 1/T in the derivatives of 
Equation (15). It is difficult to assure convergence to the high 
temperature root of Q = 0 with this shape. This difficulty is 
eliminated by taking 

qu = (T/100) nT (alnfildn,) (16) 

which is also dimensionless (if the 100 is taken to have units of 
kelvins). The determinant with elements given by (16) has the 
properties of a polynomial in T of order N ;  for high T this 
determinant shows an increasing slope, as given by curve (b) in 
Figure 1. 

The relatively small step of using (16) to define elements in the 
quadratic form removes much of the difficulty in finding the 
stability limits. For every volume, if the initial temperature is 
taken large enough, the Newton-Raphson procedure converges 
monotonically to the highest temperature on the stability limit. 

The determinant of the quadratic form Q is evaluated, in our 
routine, by first using Gaussian elimination with column pivot- 
ing (Burden e t  al., 1978, page 340) to reduce the Q matrix to 
upper triangular form; then 0 is the product of the diagonal 
elements. 

At each volume, the temperature is found by the Newton- 
Raphson procedure, with numerical differentiation to obtain 
aQ/dT. In the numerical differentiation we take 

dT/T = 1 X lo-' (17) 

and the criterion of convergence is that between successive 
iterations 

IATIIT 5 I x 1 0 - ~  (18) 

To converge to the correct temperature, it is only necessary to 
make the initial guess high enough. The guess we use is 

T = 1.5 2 i yiT,j 

With this initial guess, it was always possible to find the highest 
T on the stability limit for a given volume. 

Evaluation of 
The upper triangular matrix produced in evaluating Q is 

used to f i n d s .  We first take AnN = 1, then use back substitu- 
tion, using the reduced form of Q ,  to find Anl, An2, . . . etc. It 
proved to be important to scale An by dividing by 

D = C(Ani)' [:, I" 
T h e r n  vector constructed this way is uniquely determined at 

points where Q = 0, except for the sign. An equally useful 
could be found by beginning with AnN = -1. 

One concern which developed in solving for critical points 
was t h a t r n  can become discontinuous. In reducing Q to upper 
triangular form, the pivoting algorithm has the effect ofchanging 
the sequence of equations. Unless Q = 0, the r n  vector may 
depend on which equations are solved. In our case, we solved 
for r n  only at points where Q = 0. 

There is a second way in which= becomes discontinuous. At 
some points, AnN should be zero. We begin always with AnN = 1 
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Figure 3. The cubic form, C, in a seven component system. 

and then normalize. In this procedure the intermediate values 
of the Ani become very large so that the normalized value of AnN 
is reduced to zero. However, since AnNis always non-negative 
in this procedure, the other elements of An change sign as points 
where AnN = 0 are crossed. 

Evaluation of the Cubic Form 

In the place of the cubic form of Equation (lo), we evaluate 

N N N  

C = [ ( u  - b)/2b12x 2 C hjjknT2(a21nf;./ankani)AnjAn,Ank 
k=j j=i j-1 

(21) 

where 

h. .  = nk 

'1. i = j = k 
3; i = j # k, i = k # j ,  j = k # i (22) 
.6; i P j P k, i P k. 

The factor hijk accounts for the number of identical terms in the 
cubic form; its inclusion permits reduction of the number. of 
terms to be summed from N 3  to N ( N  + 1)(N + 2)/6. 

In our calculation procedure, the temperature on the stability 
limit was found at each volume. Then the An, were found. The 
cubic form (21) was then evaluated. 

Figure 3 shows a typical shape of the cubic form, in this case 
for a seven-component system. The two curves show Equation 
(21) with and without the multiplying factor [(u - b)/2b]*. In 
this figure there are three volumes at which the cubic form 
becomes zero, all of which must be considered possible critical 
points. 

For a vapor-liquid critical point, the volume which is of inter- 
est is the iargesi volume; the higher density solutions to the 

critical point criteria, if they have meaning, would apply to 
liquid-liquid separations. When the cubic form of Equation (21) 
is used, including the multiplying factor [ (u  - b)/2bI2, con- 
vergence to the vapor-liquid critical point is assured (whenever 
the mixture has such a critical point) by taking a large volume as 
the initial guess. With this factor, the cubic form has the shape of 
a quadratic in volume at  large volumes. The Newton-Raphson 
procedure converges monotonically to the critical volume from 
an initial guess of 

u = 4b (23) 
For pure components, the Redlich-Kwong equation and its 
variants have 

v, = 3.85 b (24) 
The critical volumes of mixtures are always less than this value. 

In the seven-component system for which Figure 3 is drawn, 
potential critical points (where C = 0)  at low volumes corre- 
sponded to negative pressures and can be ignored. Nonetheless, 
the existence of these roots to the critical point equations poten- 
tially can create difficulties with the numerical procedures. 

The procedure we employed proved to be  quite robust. The 
initial volume guess is u = 4b, as in Equation (23). At this volume 
the temperature at which Q = 0 is found, as described above, 
with an initial guess of Equation (19). In all following calcula- 
tions, the last obtained value of the temperature is used as the 
initial guess. 

The derivative of the cubic form with respect to the volume is 
found numerically with 

dulu = 1 x lo-' (25) 

At and u + do, the corresponding temperatures and the An( 
have to be determined before the cubic form can be  evaluated. 

(26) 

in successive iterations. 
This procedure, consisting as it does of nested one- 

dimensional searches, may appear inefficient. However, it has 
the feature that convergence is assured with a single strategy for 
the initial temperature and volume guesses for all vapor-liquid 
critical points. 

The convergence criterion employed is 

I A ~ ~ / ~  < I x 1 0 - ~  

VAPOR-LIQUID CRITICAL POINTS 

The computational scheme described above was used to cal- 
culate critical points in a number of multicomponent mixtures 
including all thirty-two systems documented by Peng and 
Robinson (1976). In all cases where a conventional vapor-liquid 
critical point exists, the procedure converged in three to five 
iterations with the initial guess for temperature and volume of 
Equations (19) and (23). respectively. 

The computer used was the CDC Cyber 172 at the University 
of Calgary. Computation times on this machine are correlated 
roughly by 

t = N2(0.  035 + 0.00022 i N )  (27) 

In order to test the limitations ofthe procedure, we attempted 
computations on systems containing fifteen, twenty and, finally, 
forty-three components. The forty-three-component mixture 
studied had the composition of the crude oil produced in Alber- 
ta's Swan Hills reservoir. The compositional data were obtained 
from Yu (1975). 

In none of these large systems was any computational 
difficulty encountered. Convergence was obtained to the preci- 
sion indicated in Equations (18) and (26) in four or five iterations. 
For the forty-three-component system, the computational time 
was 152 s. 

We also calculated the critical line for one binary system with 
an azeotrope, carbon dioxide ethane. Teja and Rowlinson 
(1973), in their computations of critical points in binary and 
ternary systems, encountered numerical difficulties in the com- 
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Figure 4. Stability limits on the P-T plane, for a seven component system. 

position region where the azeotropic line intersects the critical 
line for carbon dioxide-ethane. In a later publication, Teja and 
Kropholler (1975) described a technique to overcome the 
difficulty. In our procedure, there was no complication of any 
kind encountered because of azeotropy in this system. 

For vapor-liquid equilibrium points, the present calculation 
procedure differs from the Peng and Robinson (1977) procedure 
in several ways. In our formulation, to evaluate the second ofthe 
two critical criteria requires solving a set of simultaneous equa- 
tions and inserting the result in the cubic form, Equation (21). In 
the usual formulation, as used by Peng and Robinson (1977), the 
equivalent step involves’evaluating N 2  - 2N + 3 determinants of 
order N - 1. 

Baker and Luks (1978) use the Helmholtz free energy to 
obtain critical point criteria, as we do. However, their proce- 
dure requires evaluation of pressure derivatives, which we 
avoid. Also, the second critical point equation used by Baker and 
Luks requires evaluation of a large number of determinants, just 
as in the calculations of Peng and Robinson (1977). Our proce- 
dure evades the extensive bookkeeping involved in program- 
ming this step. 

Baker and Luks also report calculations in  which the critical 
temperature is specified and a search is performed for one mole 
number and the pressure corresponding to a critical phase. 
Calculations of this kind are of interest in certain petroleum 
recovery operations. Our procedure has not been adapted to 
attack problems of this kind. 

We also have proposed an algorithm which removes the need 
to supply an initial guess for the critical temperature and volume 
(or pressure). Because the nonlinear equations to  be  solved can 
have several solutions, a poor initial guess can cause the compu- 
tations to fail. In a two-dimensional Newton-Raphson proce- 
dure, as used by Peng and Robinson (1977), the initial guess has 
to be  made wisely in order to obtain convergence. 

The accuracy obtained in the predictions of critical tempera- 
ture and pressure are comparable in this study (using the SRK 
equation) with the Peng-Robinson results. Critical volumes 
from the SRK equation are always too large, owing to the limita- 
tion that Z, = 113, and errors on the order of 20 to 30% occur. 
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Figure 5. Stability limit for a CH4-HZS mixture rich in CH4. 

Peng and Robinson (1977) report smaller errors with their equa- 
tion. 

The calculation procedure described here is equally appli- 
cable to any two-constant equation of state. The accuracy of the 
predicted critical properties is not a major concern in this work, 
except to the extent that the accuracy is sufficient to justify the 
calculations. If more accurate critical properties are predicted 
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H2S 0.0525 
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Figure 6. Stability limit for a CH,-HZS mixture rich in HzS. 
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by some other equation of state than the SRK equation, the 
proposed calculation procedure should be of use in finding 
them. 

The accuracy also depends on the values used for interaction 
parameters in equations of state. Deiters and Schneider (1976) 
have shown that interaction parameters fitted by matching criti- 
cal data can be employed in vapor-liquid equilibrium calcula- 
tions. 

Figure 9. The cubic form for the mixture of Figure 8, showing two critical 
points. 
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Figure 8. Stability limitfora CH,-H,S mixture with two calculated critical 
points. 

LIQUID-LIQUID SEPARATIONS 

In systems where liquid-liquid separations can occur, there 
may be no critical point, or more than one. As part of this study 
we developed some techniques to identify systems which may 
show liquid-liquid instability and to locate all possible critical 
points in such systems. 

The Stability Limit 

Figure 4 shows the temperature-pressure projection of the 
stability limit in a seven-component system (the same system as 
in Figure 3). At each volume the highest temperature is found 
for which the determinant Q is zero; then the pressure is calcu- 
lated at the temperature and volume. The direction of increas- 
ing volume is shown on the stability limit curve. 

The coexistence region is tangent to the stability limit a t  the 
critical point and contains the unstable region. We have not 
drawn the boundary of the coexistence region in any of the 
figures following. 

Figures 5 and 6 show similar stability limit curves for hydro- 
gen sulfide-methane mixtures, one rich in hydrogen sulfide and 
one rich in methane. For pure substances, the loop at the top of 
these curves degenerates to a cusp with the critical point at the 
cusp. In general, the high volume extension of the stability limit 
curve represents the limit of subcooling of the vapor, and simi- 
larly the low volume extension gives the limit of super heating of 
the liquid. 

In Figures 4, 5 and 6, as the volume decreases toward u = b, 
the pressure becomes negative along the stability limit. This is 
typical of vapor-liquid systems; when the density of the fluid is 
high, the only instability which occurs is that the liquid must 
flash to produce vapor as the temperature is raised. 

In Figure 7 is shown the stability limit in a hydrogen sulfide- 
methane mixture which is capable of liquid-liquid separations. 
Here, as volume decreases the stability limit extends to high 
positive pressures. The region of instability is always to the right 
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Figure 10. Stability limit for a mixture with three calculated critical points. 

of the stability limit curve when moving in the direction of 
increasing volume. The figure indicates that the high density 
fluid must separate into two (or more) phases as the temperature 
decreases. 

Low temperature equilibrium data in the hydrogen sulfide- 
methane system are given by Kohn and Kurata (1958). These 
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Figure 12. Critical lines for CH,-H,S. Liquid-liquid and vapor-liquid 
branches interact. 

(O! 

CALCULATED 
CRITICAL LINES FOR 
lo co2- I21 n OCTANE 

0 871 

0 
, 

00 200 300 
I 

TEMPERATURE .% 

Figure 1 1 .  Calculated critical lines for COz-nCrH18, showing separate 
liquid-liquid critical points. 

data show that liquid-liquid separations occur when the hydro- 
gen sulfide fraction is between about 6.5 and 90 mole %. Figure 
7 ,  for 77.1% hydrogen sulfide, correctly indicates that liquid- 
liquid separations occur. 

Another possible shape of the stability limit curve is shown in 
Figure 8. For a mixture with 49% hydrogen sulfide in methane, 
the curve extends directly to high pressures without first enter- 
ing the negative pressure region. 

In Figures 7 and 8 a fair picture can be obtained of the 
coexistence region boundary from the stability limit curves. The 
two curves are tangent at the critical point, and the region of 
instability lies inside the two-phase region. 

High Density Critical Points 

Figure 9 shows the cubic form (the second critical point 
criterion) plotted against volume for 49% hydrogen sulfide and 
51% methane. As i n  Figure 3 (which is drawn for a seven- 
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Figure 13. Critical lines for CO,-nC1&I,, showing mixtures with three 
critical points. 
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Figure 14. Stability limit for a mixture with no critical point, showing 
vapor-liquid and liquid-liquid separations. 

component system), the cubic form is zero at  more than one 
point along the stability limit, and it becomes necessary to 
determine whether the higher density point can be taken to be a 
critical point. 

As shown in Figure 8, both potential critical points fall a t  
positive pressures, and there is no obvious reason to discount 
that both are critical points. 

In Figure 10, drawn for a mixture of 93.0% carbon dioxide in 
n-hexadecane, there is a still more complex picture with three 
critical points indicated by the critical point criteria. 

These additional critical points were found by constructing 
the cubic form, as in Figure 9, and choosing as the initial guess a 
volume near the desired root. The initial guess o = 4b converges 
to a root at a volume greater than the point of the first maximum 
in the cubic form. 

I t  should be noted that Scott and van Konynenburg (1970, 
1972) were concerned with locating all possible critical points in 
their study of binary mixtures. The calculation procedure they 
used rested on eliminating temperature between the two critical 
criteria and searching for sign changes in the resulting function 
of volume only. The calculation procedure we have used has a 
similar character. 

In  systems like carbon dioxide-n octane, the high density 
critical points have a clear-cut physical significance; such points 
are upper critical solubility temperatures in the liquid phase. 
The calculated critical lines for this binary system are shown in 
Figure 11, where mixtures containing about 82% carbon dioxide 
are shown to have both vapor-liquid and liquid-liquid critical 
points. 

In other systems, however, the distinction between vapor- 
liquid and liquid-liquid behavior becomes very difficult. 
Schneider (1968) has argued that “many phenomena could only 
be understood if continuous transitions between these two 
forms of phase equilibria occurred.” 

We are not aware of any measurements which would indicate 
that two or three critical points can be found on a continuous 
coexistence curve, as seems to be required by Figures 9 and 10, 
although the calculations of Scott and van Konynenburg (1970, 
1972) do contain examples similar to these. The data for hydro- 
gen sulfide-methane (Kohn and Kurata, 1958) and for carbon 
dioxide-n-hexadecane (Schneider e t  al, 1967) do not indicate that 
the experimenters were aware of such phenomena. Neither do 
the extensive reviews of critical behavior by Hicks and Young 
(1975) or Schneider (1978) contain mention of the possibility. 
However, the behavior is plausible, if considered in the light 
suggested by Schneider that the transition between liquid- 
liquid and liquid-vapor behavior is continuous. 

Calculated critical lines for methane-hydrogen sulfide and 
carbon dioxide-n-hexadecane are shown in Figures 12 and 13, 
with the mole fraction of one of the components as a parameter. 
The critical lines are discontinuous. In both binary systems, the 
critical line beginning at the lower temperature critical point 
should terminate a t  a three-phase Ll-L2-G line which we have 
not calculated. Extending beyond this line, the critical line 
displays a cusp and more than one critical point for some com- 
positions. In this region, some of the calculated critical points 
will apply to metastable or unstable phases which could not be 
observed experimentally because of the liquid-liquid separa- 
tions. (Details are not shown in Figure 13 because the region 
involved is very small compared to the scale of the figure.) 

Systems With No Critical Points 

As pointed out by Peng and Robinson (1977), some systems 
have no critical point. This is true of some methane-hydrogen 
sulfide and carbon dioxide-hydrocarbon mixtures. A stability 
limit curve for a mixture with no critical point is shown in Figure 
14. 

For such systems, the maximum of the cubic form lies below 
C = 0. It appears that the transition from a system with two 
critical points (49% hydrogen sulfide in methane) to a system 
with no critical point (48% hydrogen sulfide in methane) takes 
place at the composition where the maximum point of the cubic 
form becomes just.tangent to the line C = 0. On the stability 
limit curve, the two critical points would move closer together, 
then converge and vanish as this point was reached. 

Whether this sort of transition occurs in the experiments we 
do not know. Kohn and Kurata (1958) assume that it is inter- 
ference with a three-phase L,-L2-S line that prevents some 
methane-hydrogen sulfide mixtures from showing a critical 
point. Calculations like ours, with equations of state, indicate 
other possibilities. 

DISCUSSION 

The formulation presented for the critical point criteria was 
used in the development of a computational procedure for criti- 
cal points in vapor-liquid equilibria. Some examples show how 
the procedure can be modified to permit computation of all 
possible critical points in a given mixture or to determine 
whether a given mixture has a critical point. 

The calculation procedure is robust and converged, in all the 
systems so far studied, in three to five iterations. It has been 
possible to apply the procedure to critical point calculations in 
systems containing up to forty-three components. 

The stability limit projection on the P-T plane proved to be a 
significant aid in understanding the rather complex behavior 
possible in mixtures with high density phase separations. 
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APPENDIX 

The SRK equation is 

P = RT/(o - b)  - a/[u(o + b)]  (-41) 
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where a and b in a mixture are found from 

For pure components 

aii = a i ( T )  (0.42748 R2Tc,2/P,i) i.44) 

(A51 
where 

CU,(T) = [I + mi (1 --V?~EJ]* 
m, = 0.480 + 1.574 ot - 0.176 0,’ 

and 
b,i = 0.08664 RT,,IP,, 

Our derivation is suitable for a model with two interaction parameters: 

ajj = (1 - k i j ) G j  

bij = (1 - cij)(bi, + bjj)/2 

(‘48) 

iA9) 

and 

With these mixing rules 
InV;) = In[yiRT/(u - b)] + PJ(u - b) 

u + b  b 

where 

and 

cu, = 2xyjaij  
J 

The derivatives in the quadratic form are 

nT- -- +- (a::) - yi + o-b (u - b)’ 
Sij 2bij PiPi 

a@ 1 B 1 +L.-+1. 
RTb (u + b)’ RTb2 (0 + b) 

where 

(‘414) 

and 
B2 = - B1 - 2aijb2 

The terms in the cubic form are 

Sijk 2c,  - cz 2 c  + +3 
yiz (u - b)2 (0 - b)3 

2aC3 1 D 1 - -.-+-.- 
RTb (u + b)3 RTb2 (u + b)’ 

1 E u + b  
-- 

E +-. 
RTb’ (u + b) (7) 

where 

NOTATION 

A = Helmholtz free energy 
a, b 
C = cubic form 
fi 
hijk = integer, Equation (31) 
i = number of iterations 
k = constant 
N = number of components 
ni 
P = pressure 
0 
Q 

= parameters in the equation of state 

= fugacity of component i 

= moles of component i 

= matrix in the quadratic form 
= determinant of Q 
= element of Q 4ij 

R = gas constant 
S = entropy 
s o  
T = absolute temperature 
t = time 
TCi 
V = volume 
2) = molar volume 
Yl = mole fraction 
CL = chemical potential 
0 = Pitzer’s acentricity 

= entropy in unvaried state 

= pure component critical temperature 

Subscripts 

i j , k  = component numbers 
c = critical property 
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The Extended Graetz Problem with 
Prescribed Wall Flux 

An-analytical solution is obtained to the extended Graetz problem with 
prescribed wall flux, based on a selfadjoint formalism resulting from a decompo- 
sition of the convective diffusion equation into a pair of first-order partial differen- 
tial equations. The solution obtained is simple, computationally efficient and in 
striking contrast with incomplete numerical efforts in the past. 
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The joint effects of convective and molecular transport play 
an important role in all contacting operations, the purpose of 
which is the selective movement of mass and/or energy from 
one phase to another. The analysis of such transport depends 
on the solution of the so-called convective, diffusion, differen- 
tial equations subject to suitable boundary conditions. Spe- 
cifically, the transport of mass or energy in fully developed 
laminar flow through a circular tube (or between parallel 
plates) has been of traditional interest. This problem, without 
accounting for axial molecular transport, has been called the 
Graetz problem, The extension of the Graetz problem to in- 
clude axial conduction or diffusion, which becomes necessary 
for small values of an axial Peclet number, is important, for 

example, in dealing with heat transfer in liquid metals. Papout- 
sakis, Ramkrishna and Lim (1980) have reviewed past efforts in 
dealing with the foregoing extended Graetz problem and have 
provided an analytical solution6 the case where the tube-wall 
temperature is specified. This solution, which is in sharp con- 
trast with the approximate methods employed previously, de- 
pends on the use of a selfadjoint formalism employed by Ram- 
krishna and Amundson (1979) to solve certain apparently non- 
selfadjoint problems in heat conduction. 

The present paper is an extension of the work of Papoutsakis 
et al. (1980) to include the case of the Neumann boundary 
condition for the extended Graetz problem, that is, where the 
energy flux at the tube wall has been specified. 

CONCLUSIONS AND SIGNIFICANCE 

The present work produces an analytical solution to the 
extended Graetz problem with finite and infinite energy or 
mass exchange sections and prescribed wall energy or mass 
fluxes, with an arbitrary number of discontinuities. The soh- 

tion obtained is as simple in form and efficient computationally 
as the solution of the corresponding classical Graetz problem. 
Extensions ofthe solution methodology to problems with more 
general boundary conditions can be made in a straightfornard 

The effect of the finite heating section length, although most 
important in the low Peclet number range, iS significant even at 
Peclet numbers higher than 30, particularly close to the wall 
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